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A bstract

T his paperapproaches the studyofthe spontaneous emergenceand sus-
tainabilityofamarketeconomyfrom theangleofcommitmentfailure. A
simplemodelofstrategictradingisdevelopedandtoolsfromEvolutionary
G ame T heoryareapplied. Trade is riskybecauseagents cannotcommit
tohonoringtheircontractualarrangements, whileexternalenforcementin-
stitutionsareinexistentorperform poorly. Itturnsoutthatmarkettrade
spontaneouslyemerges inariskyenvironmentonlyifthegains from trade
arelargeenough. H owever, formalenforcementinstitutions thatpenalize
opportunisticbreachofcontractareaprerequisitetotheconsolidationand
expansionofmarkets. B riefcommentsontheincentivestocreatesuchin-
stitutionsfollow.

R esumen U tilizandoherramientasdeTeoríaEvolutivadeJuegos, investig-
amoselsurgimientoespontá neoyeldesarrollosustentabledeunmer-
cadoenuncontextodondelosintercambiossonriesgosos. Elriesgose
debeaquelosagentesnopuedencomprometerseahonrarsusacuer-
doscomercialesenausenciadeinstitucionesformalesoinformalesque
penalicenlasconductasdeshonestas. U naeconomíademercadosurge
espontáneamentesólosi las ganancias delintercambiointerpersonal
son su…cientementealtas. Sin embargo, instituciones formales ded-
icadas alenforcementdelos derechos de propiedadresultan serun
requisitoparalaconsolidaciónyexpansióndelmismo.
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1 Introduction

M osteconomistswouldagreewiththefactthatwellfunctioningmarkets
are crucialforpromotinglongterm economicgrowth. N evertheless, we
arefarfromathoroughunderstandingoftheprocessofmarketemergence,
consolidation, andexpansion.

This paperconstitutes astep inthatdirection. U singasimplemodel
ofstrategicinteractionandapplyingtools from Evolutionary G ame T he-
oryweinvestigatethespontaneousemergenceandsustainabilityofmarkets
inacontextofriskytrading. Trade is riskybecauseagents cannotcom-
mittohonoringtheircontractualarrangements, whileexternalenforcement
institutionsareinexistentorperform poorly.

Previousworkonrelatedissues includesthoseofG reif(19 9 4), Kranton
(19 9 6), Esponda(19 9 8)andFafchamps(19 9 8). T hispaperisclosestinspirit
toFafchamps (19 9 8), whoanalyzesthespontaneousemergenceofmarkets
inthepresenceofheterogeneousagentsandcommitmentfailure.

Fafchampsarguesagainstmanythatmarkettradeisneveranonymous.
Instead, hecharacterizes itthroughrelationalstrategies: agents searchfor
competentagentsandoncefoundengageinlonglastingrelationshipswith
them. Fortradetotakeplacethevaluethatagents attachtocommercial
relationshipsmustcompensatethemforthecostofscreeningpotentialpart-
ners and incurringsomeopportunisticbreachesofcontractualobligations.
A marketthenemerges inadecentralizedfashion;itdoesnotrequireany
coordination. M oreover, oncemarketsemergethegainsfrom tradeneeded
toovercomepotentialcostsbecomesmaller. T herefore, marketexchangeis
sustainableinthelongrun.

Inthispaperweworkwithanalternativeframeworkandobtaindi¤erent
results. Fafchamps’srelationalstrategyishereinreferredtoasreciprocity. It
representslonglastingfamily-likeinteractionsandemergesasanimmediate
response toariskyenvironment. M arketinteractions are embodied in a
strategythatconsistsoftradingwithadi¤erentpartnereachperiod. Such
interactionsareusuallyreferredtoasinterpersonalmarkettrade, asopposed
tointra-family-likeencounters. O neofitskeyfeaturesisthatitallowsagents
tolearnfrommanyotheragents;anadvantageabsentinreciprocaltrade.

Thepopulationofourarti…cialeconomyconsistsbothofreciprocaland
marketagentsandofcheaters. T helatteralwaysbreachtheircontractual
obligations. T hustradetakesplaceinariskyenvironmentaslongascheaters
arepotentiallypresent.

FollowingFafchampsandunlikeotherauthors, weexplicitlyanalyzethe
model’sdynamicsinsteadoffocusingonstaticorsteadystateanalysis. H ow-
ever, unlikebothFafchampsandotherauthors, wedonotendowouragents
with therationalityrequired forsomeequilibrium concepts, suchas sub-
gameperfectequilibrium, tomakesense. Instead, weassumemyopicagents
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adoptanyofthreestrategies (reciprocity, marketandcheaters) depending
ontheirexpectedpayo¤s. W euseasimplepayo¤ -monotonicdynamicfrom
EvolutionaryG ameT heory, theR eplicatorD ynamics, inordertoaccount
forthefactthatstrategiesthatfarebetterthanaveragegrowattheexpense
ofstrategiesthatdoworsethanaverage.

G iventhatwefocus onadi¤erentaspectofmarkettrade, itcomes to
usasnosurprisethatresultsaredi¤erentfromFafchamps’s. M arkettrade
spontaneouslyemerges inariskyenvironmentifthegains from tradeare
largeenough. H owever, theexistenceoflegalenforcementinstitutionsthat
penalizecheatingisaprerequisiteforthesustainabilityofmarkets.

T hepaperproceeds as follows. Section 2 describes the economyand
givespartialresultsonthemodel’sdynamics. T hedynamicsarecompleted
inSection3. Section4notesthatmarketsspontaneouslyemergeonlyunder
largegainsfromtrade;andSection5 discussestherelevanceofbothformal
andinformalenforcementinstitutionsfortheprocessofmarketemergence,
consolidationandexpansion. T helastsectionconcludesandconsidersfur-
therextensions.

2 R eciprocity, CheatersandtheM arket
2.1 D escriptionoftheEconomy
T he economy is populated byacontinuum ofin…nitelylived agents who
engage in pairwiseexchangerelationships overtime. Traders are indexed
from 0 to1 and discountthe futurebyafactor± 2 (0 ;1 ). Tradetakes
placethroughanin…nitelyrepeatedsequenceoftradingrounds, eachround
dividedintothreestages.

First, unmatchedagentsarerandomlymatchedinpairs. Second, matched
partnersareassumedtoengageincontractualobligationsandplaytheone-
shotprisoner’s dilemmashowninFigure1, with 0 < ® < 1 representing
gains from trade. A gents can eitherComply withtheircontractualobli-
gations orBreachthecontract. L ast, agentsmustdecidewhethertostay
matchedandengageinanothercontractualobligationwiththesamepartner
ortobreaktherelationship andstartnextperiodasanunmatchedagent.
T hesestagesareshowninFigure2.

B ecausewewanttofocus on the spontaneous emergence oftrade in
aprimitive society, externalcontractenforcementinstitutions thatdeter
opportunisticbreachofcontractareassumedinexistent.
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Figure1: T hetradingstage.

Agents are
randomly
matched
(unless
continuing
relationship
with previous
partner)

Agents play the
game in Figure 1:
they either
Comply
(cooperate) or
Breach (cheat).

Agents receive
current period’s
payoff and
decide whether
to stay matched
with their
partner or not.

Figure2: A tradinground.

2.2 R eciprocityandcheaters
Considerthefollowingstrategy.

StrategyR (reciprocity): Complyatstagetwo. A tstage3,
endtherelationship ifyouwerecheatedandcontinueitifyour
partnercomplied. (Ifyouevermeetanagentwhocheatedyou
inthepast, thencheathim atstage2 andendyourrelationship
atstage3.)1

W ecallanagentplayingareciprocalstrategyanR -agent. N oticethat
anR -agentsearches forapartnerwhonevercheatsonhim and, iffound,
stayswiththatpartnerforever. Inparticular, iftwoR -agents evermeet,
theyengageinanever-lastingreciprocalrelationship.

A ssumption1 EverytimetwounmatchedR -agentsbecomematched, two
newR -agentsareaddedtothepopulationofunmatchedagents.

1T woassumptionsguaranteethattheprobabilityofmeetingapreviouslymetpartner
againiszero. First, therearealwaysunmatchedagentsinthepopulation(seeassumption
1). Second, thereisacontinuum ofagents.
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T hisassumptioncapturesthefactthatnomatterwhatotherpeopleare
doing, thereisalwayssomeoneyoucancheaton.2 A ssumption1 willgreatly
simplifytheanalyticalstructureofourmodellateron. N oticethatitallows
ustoestablishaclear-cutresultregardinghowlargegainsfromtrademust
betopreventcheating.

D e…nition1. A populationpro…leisaN ashequilibrium ifoncereachedno
agenthas incentivestochangetheirstrategy.

Proposition1 G iven A ssumption 1, there arealways incentives tocheat
whentheentirepopulation is playingstrategyR ;nomatterhowlargegains
from trade ® are. Therefore theentirepopulation playingstrategyR does
notconstituteanequilibrium.

Proof. T his isbecause
®

1 ¡±
< 1 +

®
1 ¡±

± forall±,

wheretheR H S comes from thefactthatunmatchedagents areallR -
agents (duetoA ssumption 1) andthe inequality is truebecause ® < 1 .

Itseemsnaturalatthispointtoconsideranotherstrategy.

Strategy C (cheating): Cheatyourpartnerand breakthe
relationshipatstagethreeto…ndanewpartner.

TheseC-agentsneverestablishlong-lastingrelationships. T heyconsti-
tuteamenacefortraderswhowishtosharegainsfromtradeandarewilling
tocomplyatstage2 ofthetradinground. T heexistenceofcheaters ina
primitiveeconomycapturesthefactthatwhenlegalenforcementisabsent,
tradeisrisky.

Proposition2 A llunmatchedagents playingstrategyC (i.e., byassump-
tion1, theentirepopulationconsistsofC-agents)constitutesanequilibrium.

Proof. B ystickingtostrategyCaplayergetsapayo¤ of0 everyperiod;
bydeviatingandcooperatinginanygivenroundyouobtainapayo¤ of-1
andapayo¤ of0 foreverafterreturningtoyourequilibrium strategy:

0
1 ¡±

> ¡1 + 0
1 ¡±

±

2 In fact, although notexplicitlymodeled here, one can forcefully interferewith an
outside relationship. Stealinggoods makes trade even riskierand such apossibility is
openaslongasthereareagentstradinginthepopulation.
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Propositions 1 and2 tellusthatifall(ormost) agentswereR -agents,
thensomecheaterswouldpro…tinsuchapopulation;butthatifall(ormost)
agentsarecheaters, thenitpaystobeacheaterbecausetheprobabilityof
…ndingsomeonewhocooperates iszero(ornegligible)3.

B utwhathappensifsomeagentsareR -agentsandothersareC-agents?
W eareparticularlyinterestedin…ndingoutwhetherreciprocalrelationships
canspontaneouslyemergeinacontextofriskytrading.

L etptrepresentourpopulationpro…leattimetandassumethatitis
the solution toadynamicalsystem. L etp¤ bea …xed point(orsteady
state)ofoursystemandletB "(p¤)representtheballofradius"aroundp¤.
T hroughout, weworkwiththefollowingnotionofequilibrium.

D e…nition2. A population pro…le p¤ is an asymptoticallystable equilib-
rium ifitis a …xedpoint(i.e. a N ash equilibrium) and ifthere is
some"> 0 suchthatforanyp0 2 B "(p¤);thetrajectorythroughp0
approachesp¤.

T hismeansthataslight"-perturbationfrom p¤eventuallyreturnsthe
system top¤: W e are notinterested in …xed points thatare notstable
becauseiftheinitialconditionp0 ischosenrandomly, theprobabilityofob-
servingthem iszero. Fromnowonwefrequentlyrefertoanasymptotically
stableequilibriumassimplyanequilibriumandusethewordssteadystate
or…xedpointtorefertoaN ashequilibrium.

Considerapopulationconsistingofonlytwotypeoftraders, R andC-
agents, inproportions pR andpC respectively. T heexpectedpayo¤ ofan
unmatchedi-agentattimetisgivenby

V i
t=

X

j

pjV ij
t

whereV ij
t is theexpectedpayo¤ ofan i-agentwhoismatchedwitha

j-agent. Thereforewehave

V C
t =pC V C C

t + pR V C R
t

where

V C C
t = 0 + ±V C

t+ 1

V C R
t = 1 + ±V C

t+ 1

and

V R
t =pC V R C

t + pR V R R
t

3W ords inparenthesisareconjecturestobeprovedlateron.
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where

V R C
t = ¡1 + ±V R

t+ 1

V R R
t = ® + ±V R R

t+ 1

Solvingweobtain

V C
t =V C =

pR

1 ¡±
forallt

and

V R
t =V R =

1
1 ¡±pC

·
pR

®
1 ¡±

¡pC
¸

forallt.

Propositions1 and2 showedthat(p¤C ;p¤R )=(1 ;0 )wastheonlyequi-
librium amongpure population pro…les. W e nowinvestigate whethera
mixedpopulationpro…leequilibrium (p¤C ;p¤R )>> 0 exists.

A population pro…le(p¤C ;p¤R )> > 0 constitutes a N ash equilibrium
(i.e. asteadystate) if

V C (p¤R )=V R (p¤R ;p¤C ): (1)

W euse(3) andpC + pR =1 tosolveforpC andcheckwhetheragents
haveanyincentivetochangestrategies.

Proposition3 (p¤C ;1 ¡p¤C )constitutes amixed(asymptoticallystable)
equilibrium population pro…le ifandonly ifthe followingexpressions hold
simultaneously

p¤C =
2±¡® §

p
(® ¡2±)2 ¡4±(1 ¡®)

2±
(2)

0 < p¤C < 1 (3)

(1 ¡±p¤C )2 > (1 + ®)(1 ¡±) (4)

Proof. Seetheappendix.
Equation(2) is thesolutionto(1) andrepresentsasteadystateofour

implicitdynamics. Forsuchasteadystatetoexistweneed ittosatisfy
equation (3). Equation (4) is a stabilitycondition: itsays thataslight
perturbationbringsthesystem backtothesteadystate.

N oticethatamixed steadystateneed notexist. H owever, ifitdoes
exist, thentherearetwosteadystates, onestableandtheotherunstable.
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Proposition4 Forany…xed® thereexists asu¢cientlylarge± suchthat
asolutionto(4) and(5) (i.e., asteadystate) exists.

Proof. Fix®. T henitiseasytoverifythat

lim
±! 1

pChigh =1 ;

lim
±! 1

dpChigh
d±

=
1
®
> 0

and

lim
±! 1

pClow =1 ¡®:

Proposition5 Ifasolutionto(2) and(3) exists, thenboth

p¤Cm ixhigh =
2±¡® +

p
(® ¡2±)2 ¡4±(1 ¡®)

2±
(5)

and

p¤Cm ixlow =
2±¡® ¡

p
(® ¡2±)2 ¡4±(1 ¡®)

2±
(6)

aremixedsteadystates. Furthermore, p¤Cm ixlow satis…es eq. (4) andsocon-
stitutesan(asymptoticallystable) equilibrium;butp¤Cm ixhigh doesnot.

Proof. Seetheappendix.
Figure3 showsthecasewhere± is su¢cientlylarge, sothatthereare

threesteadystates, p¤C = 1 ;p¤Cm ixlow ;andp¤Cm ixhigh;butonlythe…rsttwo
arestable.

0 1 pC
pC

mixlow pC
mixhigh

Figure3: R eciprocityandCheaters.
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W hentheproportionofC-agents intheeconomyislargeenough(pC >
p¤Cm ixhigh)then the chances ofmeetingacooperatorare toosmalland it
paystobeacheater. Therefore, p¤C = 1 is stillanequilibrium, aswasto
beexpectedfrom Proposition2. H owever, forlowerproportionofcheaters
(pC < p¤Cm ixhigh), thereisamixedpopulationpro…leequilibriumwhereboth
R andC-agentsarepresentT hus, forlargeenough± reciprocaltradespon-
taneouslyemerges inariskyenvironment.

Proposition6Fora …xed ® , p¤Cm ixhigh is increasingin ± and p¤Cm ixlow is
decreasingin ±. Therefore, forlarger± reciprocaltrade is more likelyto
emergeand, incaseitdoes, theequilibrium proportionofcheaters islower.

Proof. Takederivatives in(5) and(6).

2.3 M arkettrade
T heabovesectionshowedhowtheexistenceofcheatersdoesnoteliminate
trade. Ifagents careenoughaboutthefuture, theycanovercomeriskby
establishingreciprocal, long-lastingrelationshipswithapartner. H owever,
anagentisthencon…nedtotradewiththesamepartneroverandoveragain.

T hereis stillanotherpossibilitywhichresemblesmarkettradeand in-
volves agents sharingthe gains from tradewith adi¤erentpartnereach
period. T his isrepresentedbythefollowingstrategy:

StrategyM (market): Cooperateatstage2 andendtherela-
tionshipatstage3(nomatteryourpartner’sbehavior) inorder
toberandomlymatchedwithanewpartnernextperiod.

A s before, agents followingstrategy M arecalled M -agents and their
proportioninthepopulationisgivenbypM .

Proposition7 A s longascheatingisapossiblestrategy, p¤M > 0 isnever
apopulationpro…leequilibrium.

Proof. Imaginetherearesomecheatersinthepopulation. A nM -agent
thengets sometimes ® (ifhemeets acooperator) andsometimes -1 (ifhe
meets acheater). B ycheating, however, hedoes strictlybetter: hegets
sometimes+ 1 andsometimes0.

Incasetherearenocheatersinthepopulation, anM -agent(andalsoan
R -agent)getsapayo¤ of®=(1 ¡±). H edoesstrictlybetterbydeviatingand
cheating.

Proposition7 rulesoutthespontaneousemergenceofamarketeconomy
inthepresenceofriskytrade;thatis, whenlegalenforcementinstitutions
areinexistentorperform poorly. T his is illustratedinFigure4.
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0 1 pC

Figure4: M arketagentsandCheaters, ® < 1 :

H owever, historicalevidencesuggeststhatlegalenforcementinstitutions
arenotaprerequisitetotheemergenceofinterpersonalexchange. Inorder
toaccountforsuchaprocess, weallowthegainsfromtrade, ® , tobelarge
enough. N oticethatfor® > 1 thegameinFigure1 isnolongeraprisoner’s
dilemmabutnowrepresentsacoordinationgame.

Tosimplify, assumepM + pC =1 , sothatonlyM andC-agentscanbe
presentinthepopulationatanytime. T henexpectedpayo¤saregivenby

V C
t =pC V C C

t + pM V C M
t

where

V C C
t = 0 + ±V C

t+ 1

V C M
t = 1 + ±V C

t+ 1

and

V M
t =pC V M C

t + pM V M M
t

where

V M C
t = ¡1 + ±V M

t+ 1

V M M
t = ® + ±V M

t+ 1:

SolvingandusingpM + pC =1 we…nallyobtain

V C =
1 ¡pC

1 ¡±

and

V M =
® ¡(1 + ®)pC

1 ¡±
:

Proposition8 For® > 1 , therearetwopopulationpro…leequilibria: p¤C =
1 andp¤C =0 . Furthermore, thereis amixedsteadystate

p¤Cm ix =
® ¡1
®

increasingin ® butunstable.
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Proof. Forp¤C = 1 wehave V M =¡1 < 0 = V C : T henp¤C = 1 is
an equilibrium, andthis holds whether® is greaterthanoneornot(see
Proposition 7 ).

Forp¤C = 0 , wehaveV C = 1
1¡± <

®
1¡± = V M , sothatnowp¤C = 0 is

alsoanequilibrium.
Finally, foramixedsteadystatewemusthave

V C (pC )=V M (pC ):

T hesolutionisgivenby

pCm ix =
® ¡1
®

> 0 ;

whichisincreasingin®;however, itisnotanequilibrium. Toseethisnotice
thatforpC > ®¡1

® , wehave V C > V M sothe population converges to
p¤C = 1 . A ndforpC > ®¡1

® , V C < V M sothepopulationconverges to
p¤C =0 .

Figure 5 shows thecasewhere ® > 1 . B ecausepCm ix is increasingin
® , thegreaterthegainsfromtradethegreatertheprobabilitythatmarket
emerges inariskyenvironment. H owever, for® ·1 wearebacktoFigure
4, wherecheaterseventuallytakeovertheentirepopulation.

0 1 pC
pC

mix

Figure5: M arketagentsandcheaters, ® > 1 .

L ast, assumepM + pR =1 , sothatonlyM andR -agentscanbepresent
in the populationatanytime. N oticethatifbothtypeofagents get®
formutualcooperation, thenbothgetthesameexpectedpayo¤. H owever,
weassumethatmarketagents, whenmeetingeachother, getapayo¤ ofe®
> ® formutualcooperation, sothattheirexpectedpayo¤ is nowgreater.
T his implicitlycaptures thefactthatM -agentsareinteractingwithmany
di¤erentpartners and therefore have betterchances oflearningdi¤erent
skillsandgettinglargergainsfrom trade. W etakethistobeakeyfeature
ofinterpersonal, markettrade.

3 EvolutionaryD ynamics
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N extweallowallthreetypesofagentstobepresentinthepopulationand
applytoolsfromEvolutionaryG ameT heoryinordertocarryoutanexplicit
dynamicanalysisregardingtheevolutionofdi¤erentformsoftrade.

Conventionaleconomictheoryassertsthatinequilibrium…rmsaremax-
imizingpro…ts. T heargumentisanevolutionaryone: iftheywerenot, they
wouldbedrivenoutofthemarket. T herefore, inequilibriumwecanonlyob-
serve…rmswhicharepro…tmaximizers. Itisclearhowimplicitassumptions
aremadeonout-of-equilibrium behavior.

R atherthanadvocatingforaradicaldeparturefrom conventionaleco-
nomictheory, evolutionarygametheoryattempts toformalize andmake
explicittheassumptionthatmoresuccessfulbehaviortendtobemorepreva-
lentinapopulation. Inasense, then, itconstitutesareturntoitsroots.

Evolutionarygametheorydeparturesbothfromconventional(nonstrate-
gic) economictheoryand from traditionalgametheorybyassumingthat
agents arenotrational. In acomplexworld, behavioris guided byrules
ofthumb, norms and conventions. B y trial-and-errorlearningprocesses,
strategiesthatperformworsttendtobeweededoutfromthepopulation.4

T heoriginsofsuchanevolutionaryapproacharetobefoundinbiology.
G enesrepresenttheplayers;andthecharacteristicsofbehaviorwithwhich
thesegenesendowthehostorganism entailthestrategiesofthegame. T he
relative …tness ofbehaviors (payo¤s) is given bythenumberofo¤spring
carryingthatgene, and itdepends onthedistributionofbehaviors across
theentirepopulation.

G enes (players) areprogrammedtobehave in aspeci…cway. A D ar-
winiannaturalselectionprocessthenoperatesovertimeandhighest…tness
behaviorssurvive.

T hisisnottobetakentooliterallyinsocialandeconomicenvironments.
P layersrepresentpeoplewhochoosestrategiesandmayevenchangetheir
choices. B ehaviorthatis successfulthis periodwillbeplayedbyalarger
fractionofthepopulationnextperiod. Payo¤ -monotonicdynamicsprovide
suchstylizedformalizationofD arwiniannaturalselection. Thosestrategies
whichfarerelativelybetterwillgrowinthepopulationattheexpenseof
thosewhichdorelativelyworse. T his isthebasicpremise. N oticethatno
assumptionsonrationalityorcommonknowledgeneedtobeplaced.

Itis importanttorecognizetwocrucialassumptions from theprevious
evolutionarystory. First, werequiremanyagents inourpopulation;su¢-
cientlyenoughtoavoidrepeated strategicinteraction issues. T his is why
weworkwithacontinuumofagents. Second, behaviorisnaiveinthesense
thatagents viewtheworldas stationary. T hatis, theyarenotawareof

4Forashortintroductiontoevolutionarygametheory, seeM ailath(19 9 8). Forbook-
lenghttechnicalexpositions, see W eibull(19 9 5), V ega-R edondo (19 9 6) and Samuelson
(19 9 7 ). Foran informalaccountofhowevolutionarygametheory is applied toawide
varietyofsocialphenomena, includingjustice, mutualaid, commitment, convention, and
meaning, Skyrms(19 9 6) is stronglyrecommended.
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howtheirdecisionsa¤ecteveryoneelse’s bychangingtheenvironmentun-
derwhichtheentirepopulationinteracts. Imitationthusseemsreasonable
insuchenvironments.

Considertradinginariskyenvironmentwhereallthreetypesofagents
(strategies)arepresentinthepopulation: C, M andR -agents. W henplayers
areunmatchedtheyevaluatestrategiesaccordingtotheirexpectedpayo¤s.
T heseareafunctionofthepopulationpro…lept=(pCt;pMt ;pRt)attimet
andaregivenby

V i
t=

X

j

pjtV
ij
t ; i;j=C;M ;R ;

whereV ij
t istheexpectedpayo¤ ofani-agentwhoismatchedwithaj-agent.

Tocapturelearningininterpersonalinteractionswedenoteby® < 1 the
gains from tradeunderreciprocalexchanges andbye® > ® thegains from
tradeundermarketexchange. Furthermore, weletb® representthegains
fromtradewhenanR -agentandanM -agentmeet, with® < b® < e®.

D enote by epet+ 1 = (pet+ 1;p
e
t+ 2 ;:::::)the vectorofexpected population

pro…les. T henexpectedpayo¤saregivenby5

V C
t =pRt + pMt + ±V C

t+ 1(epet+ 1); (7 )

V M
t =b®pRt + e®pMt ¡pCt + ±V M

t+ 1(epet+ 1); (8)

and

V R
t =

®
1 ¡±

pRt + b®pMt ¡pCt + (pCt + pMt )±V
R
t+ 1(epet+ 1): (9 )

N otice thatexpected payo¤s depend both on the currentpopulation
pro…leandonexpectedfuturepopulationpro…les. W eassumeagentshave
simpleadaptiveexpectations.

A ssumption2. pet+ i=ptforallt, foralli=1 ;2;::::.

A ssumption 2 says thatagents expectthe future tobe justlike the
present, eventhoughthepresentmightbechangingeveryperiod. T his is
consistentwithevolutionarygametheory’spostulatethatagentsaremyopic
and are notfully aware ofhowthe environmentunderwhich the entire
populationinteractschanges.6

5W eobtain(7 ), (8) and(9 ) byreplacingandsolvingrecursively, justas insection2.
6W hatis importantfrom A ssumption2 isthatagentscannotcoordinatetheiractions

anddecidetoenterthemarketallatoncebecausetheyexpecteveryoneelsetodothe
same; and therefore itis bestreponse. Such story is farfrom a satisfactory account
ofmarketemergence. O fcourse, expectations neednotbeas simpleas thosegivenby
A ssumption2. B uttheyconsiderablesimplifythemodel.
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A ssumption2 allowsustorewriteexpectedpayo¤s (7 ), (8), and(9 ) as
functionsthatdependonptonly:

V C
t (pt)=

pRt + pMt
1 ¡±

;

V M
t (pt)=

b®pRt + e®pMt ¡pCt
1 ¡±

;

and

V R
t (pt)=

1
1 ¡±

¡
pCt + pMt

¢
·

®
1 ¡±

pRt + b®pMt ¡pCt

¸
:

T he R eplicatorD ynamics (R D ) is a specialkind ofpayo¤-monotonic
evolutionarydynamicswherestrategieswhichfarebetterthanaveragegrow
attheexpenseofthosewhichdoworsethanaverage;andthebetterthey
farethehighertheirgrowthrate. T heappropriatedynamics inourmodel
arerepresentedbythefollowingsystemofsimultaneousdi¤erenceequations,

pjt+ 1 =pjt
V j
t(pt)

V A
t (pt)

, j=C;M ;R ; (10)

whereV A
t =pCtV C

t + pMt V M
t + pRtV R

t istheaverageexpectedpayo¤;thatis,
theexpectedpayo¤ ofanagentbeingrandomlychosenfromthepopulation
ofunmatchedagents.7

L et

S =

(
p:

P
j
pj=1;pj2 [0 ;1 ]; j=C;M ;R

)

representthetwo-dimensionalunitsimplex, asshowninFigure6.
N oticethattheunitsimplex S is invariantunderthedynamics given

in(10) inthesensethatforinitialconditions p0 =(pC0 ;p
M
0 ;p

R
0 )2 S , then

7 Payo¤ -monotonicdynamics have been derived from microeconomicfoundations by
assumingthatagents imitatemostsuccessfulstrategies, oreven bypostulatingspecial
types oflearningdynamics. Forexample, W eibull(19 9 5) studies socialevolutionofbe-
haviorsina…nitepopulationofstrategicallyinteractingagentswhoonceinawhilereview
theirstrategies (ordieandarereplacedbynewagents) andrandomlychooseanewone.
R eviewtimesaremodeledasthearrivaltimesofaPoissonprocessandnewstrategiesare
chosenaccordingtoaprobabilitydensityoverallstrategies, subjecttotheconditionthat
strategiesperformingbetterhaveagreaterprobabilityofbeingchosen.
A ssumption 2 is then prettyrealistic in acontextofprimitivetrading, whereagents

tradeaccordingtosocialcustoms(i.e., howtheyhavebeentradinginthepast)andevery
nowandthenrevisetheirstrategiesandadoptabetterone.
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pt2 S forallt.8 T herefore, (10) togetherwithinitialconditions p0 givea
deterministicsolutionpathptwhichcanbegraphicallyrepresentedinS .

A furtherpropertyofthe R D is thatifastrategy is absentfrom the
populationatanytime, thenitalwayshasbeenandalwayswillbeabsent.
T hen, whenthestateptis ononeofthethreebordersidesofthetriangle
showninFigure6, itremains insuchaborderforever.9

O bservethatwhatweactuallydidinSection2 wastoanalyzethedy-
namicsontheboundaryofthetriangle.Figure6showssuchdynamicsfor
thecasewhere± issu¢cientlylarge(Proposition4)ande® > 1 (Proposition
8).

Toconsiderthecasewhereallthreetypeofagentsarepresent(i.e., the
interiorofthetriangle) wesimulateglobaldynamics on M atlabc° byap-
proximating(10)withitscontinuoustimeanalogue. R esultsaregraphically
represented inFigures 7 , 8 , and 9 . N oticethatthere is noequilibrium
populationpro…lesuchthatallthreestrategiesarepresentinthepopulation
inthelongrun.

W hen ® = b® = e® < 1 therearetwoequilibria, as shown inFigure
7 10. W hentheinitialproportionofcheaters is largeenough, thencheaters
takeovertheentirepopulation. Ifnot, thenbothcheatersandR -agentsare
presentinthepopulation. T his is essentiallytheresultobtainedinPropo-
sition5 whenM -agentswereconsideredtobeabsentfromthepopulation.

8 T his is easily seenbyrewriting(10) as pjt+ 1 ¡ pjt = pjt
(V jt¡V At )

V At
; j= C ;M ;R and

noticingthat
P

j

¡
pjt+ 1 ¡ pjt

¢
= 0 .

9 N oticealsothatifastrategyiseverpresentinthepopulation, thenithasalwaysbeen
andalwayswillbepresent. T his doesnotruleconvergencetooneofthebordersastime
goestoin…nity.

10T hevertices shouldbelabeledas inFigure6: pR inthenorthwest;pM inthesouth-
west;andpC inthesoutheastcorner.
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pM=1
pC=1

pR=1

pC
mix

pC
mixlow

pC
mixhigh

Figure6: B orderdynamicsonS .

Figure 7 : ±=0 :9;® =b® =e® =0 :7:

Figure8 showsthatifgainsfrom markettradearelargeenough(e® >
1 ), thenthere is athird equilibrium where M -agents takeovertheentire
population. This e¢cientequilibrium is reachedonlyiftheproportionof
M -agents islargeenoughrelativetoCandR -agents.
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Figure8 : ±=0 :9;® =b® =0 :7;e® =1 :5

L ast, Figure 9 showsthatforgreatergains from tradeapuremarket
equilibrium isreachedunderalargersetofinitialconditions.

Figure9 : ±=0 :9;® =0 :7;b® =3;e® =6:

W esummarizeour…ndings inthefollowingproposition.

Proposition9 Suppose± islargeenough(seePropositions4and5). T hen
for® =b® = e® < 1 , (pC ;pM ;pR )=(p¤Cm ixlow ;0 ;1 ¡p¤Cm ixlow)and(1 ;0 ;0 )are
theonly(aymptoticallystable) equilibria. For® < 1 < e® there is athird
(aymptoticallystable) equilibrium populationpro…legivenby(0 ;1 ;0 ).

Proof. Seetheappendix.
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4 M arketemergence
L astsection showedhowlong-runequilibrium exchangearrangements de-
pendoninitialconditionsandparametervalues±;®;b®;ande®. Inparticular,
spontaneousmarketemergenceispossibleonlyiftheproportionofM -agents
islargeenoughrelativetoCandR agents. A ndthesetofinitialconditions
thatleadtopM =1 growswithgainsfromtradee®.

N evertheless, asatisfactoryanalysisofmarketemergenceneedstorule
outtheprevious existenceofamarket. T hatis, wemustexplainhowin-
terpersonaltradedevelops from scratch, whentheproportionofM -agents
iszero.

ButifpM is everzero, ourdynamics imply itis zeroforever: market
tradecannotemerge. H owever, this isbecausewehavebeendealingwitha
deterministicdynamicsystem. A mutation-likecomponentisoftenincluded
thattransforms deterministicpayo¤ -monotonicdynamics suchas theone
wehavebeenstudyingintoastochasticdynamicalsystem. Theequilibrium
conceptundersuchsystems is thatofstochasticstability, andresultsusu-
allydi¤erfrom thenotionofasymptoticstabilitystudied indeterministic
systems.11

M utationsaretakentorepresentexperimentationwithnewstrategiesin
asocialsetting. From Figure 8 wecanseethatifthenumberofagents
experimentingwithstrategyM (i.e., mutating) islargeenoughsoastoplace
thesystem atapathconvergenttopM = 1 , thenmarkettradeemerges.
B utthenasmallernumberofmutations towards eitherstrategyC orR
arerequired toplacethesystem atapath divergenttopM = 1 . T hus,
thesystem willspendmostofits time inastatewheretheproportionof
M -agents isclosetozero.

N evertheless, Figure9 showsthatifgainsfrom markettradearelarge
enough, then avery smallnumberofmutations areneeded toplacethe
systematapathconvergenttopM =1 .12

R emark Ifgainsfrommarkettradearesu¢cientlylarge, thenmarkettrade
spontaneouslyemergesfrom asituationinwhichthepopulationcon-
tainsonlyR andCagents.

O urmodelsuggests atwo-stagemarketdevelopmentprocess. First, if
agentscareenoughabouttheirfuture(i.e., large±), theyengageinrecipro-
callong-lastingpersonaltradeinordertoavoidriskyencounters. Second,
astheseagentsexperimentwithstrategyM andrealizethattherearemuch
largergains from interpersonaltrade, growth-enhancingmarketarrange-
mentseventuallytakeovertheentirepopulation.

11Foranalysis ofstochasticstability, seethepioneeringworksofKandori, M ailathand
R ob (19 9 3) andYoung(19 9 8).

12T heentirepointisraisedbyEsponda(19 9 8 ), whoendowsmarketswithanincreasing
returnstoscalepropertyinordertoexplainitsemergence.
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5 SustainabilityofM arketTrade
5.1 G ainsfromtrade
Ifgains from trade e® are largeenough thenmarkettrade spontaneously
emerges. H owever, thisdoesnotruleoutthepossibilityofmarketreversals.
A sevidentfromhistory, marketsfrequentlyemergeonlytodisappearinthe
futureandevenreappearlateronundernewshapesandforms.13

Inhis T heoryofEconomicH istory, H icksemphasizestheimportanceof
studyingtheExchangeEconomybecauseitis

... atransformationwhichisantecedenttoM arx’sriseofCapi-
talism, andwhich, intermsofmorerecenteconomics, lookslike
beingevenmorefundamental. [H icks19 9 1 (19 67 ), p.7 ]

H ethenadds:

Itisevidentthatthetransformationwasagradualtransforma-
tion... [...]... itwas notatransformationthatoccurredonce
forall;therearesocieties whichhaveslippedbackfrom being
exchangeeconomies, afterwhich thesametalehas been gone
throughagain. [op. cit., p.7 ]

T his sectionargues thatlegalenforcementinstitutions areaprerequi-
sitefortheconsolidationandsustainabilityofgrowth-enhancingexchange
arrangements.

O urmodelindicates thatmarkettrade is sustainableas longas e® re-
mainsatveryhighvalues. B utthereareatleasttworeasonswhye® might
decreasethroughtime. First, gainsfrom markettradee® areinitiallylarge
duetoenormous learningpossibilities buteventuallydiminishas interper-
sonalinteractions becomemorenumerous andcomplex. Second, itis not
veryclearhowgainsfromcheatingacooperator(+ 1) canremain…xedasa
marketeconomyo¤eringgreatergainsfromtradedevelops. O newouldalso
expectgreatergainsfromcheating.

A saconsequence, weexpecte® toremainatlowvaluesforlongperiods
oftime. ButthenwearebacktoFigure8 , andunderstochasticmutations
markettradestagnatesandagentsswitchtostrategiesR andConceagain.

W econcludethatalthoughmarkettrademightspontaneouslyemergein
ourmodel, itsemergencewillbecharacterizedbyacycleconsistingoflong
periods ofstagnationfollowedbyperiods ofre-emergence. Thusamarket
economyisnotsustainablewheninstitutionsthatdeteropportunisticbreach
ofcontractareabsentorperform poorly.

13Esponda(19 9 8) analyzesmarketreversals bypostulating(exogenous) decreasingre-
turnstomarkettrade.
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T herefore, nothingguarantees thatmarkettrade willallowforever-
lastinggrowth-enhancinginterpersonalexchanges totakeplace. A s D ou-
glass N orthpointsout, this isaveryidealizedviewofsociety.14

...asthecomplexityoftheenvironmentincreasedashumanbe-
ingsbecameincreasinglyinterdependent, morecomplexinstitu-
tionalstructureswerenecessarytocapturethepotentialgains
fromtrade. Suchevolutionrequiresthatthesocietydevelop in-
stitutionsthatwillpermit[interpersonal]exchangeacrosstime
andspace. [N orth19 9 4, p.363]

H owever, nothingguaranteesthatsuchinstitutionswillevolve.

Infact, mostsocietiesthroughouthistorygotstuckinaninsti-
tutionalmatrixthatdidnotevolveintothe[interpersonal]ex-
changeessentialtocapturingtheproductivitygains thatcame
fromthespecializationanddivisionoflaborthathaveproduced
theW ealthofN ations. [op. cit., p.364]

W earguethatthecreationofinstitutions thatpenalizecheaters con-
stitutes a…rststep towards sustainingcomplexinterpersonalinteractions.
Specialattention is given tothe issueofwhatmotivates agents tocreate
suchinstitutions.15

5.2 Informalandformalenforcementinstitutions
M arkettradeisnotsustainablebecausecheatersarealwaysamenacewho
invadethepopulationassoonasgainsfrom tradearesmallenough. Fora
marketeconomytoprosper, incentivesforbeingacheatermustbereduced.
H istoryshowsthatthis has beencarriedoutbybothinformalandformal
enforcementmechanisms. Severalauthorshaveinvestigatedtherelevanceof
suchinstitutions.

Inthecontextofamedievalagencyproblem, G reif(19 9 4) exploreshow
societieswithdi¤erentculturalbeliefsadoptdi¤erentorganizationalforms
asaresponsetoacommitmentproblem amongmerchantsandtheirover-
seas agents. Collectivistmerchants neverhireanagentwhohas cheated
anymerchantoftheirownethnicgroup. T his exclusion turns outtobe
self-enforcingbecauseifallothermerchantsarepunishingdeviantbehavior,
thenacheatermustreceiveahigherwageinordertoremainhonest. T here-
fore, itis inanymerchant’s interesttohireagentswhohavenotcheated.
H owever, relationshipsareestablishedamongindividualsfromthesameeth-
nicgroup, resultinginasegregatedsocialstructureand, asconjecturedby
G reif, hinderingeconomice¢ciency.

14B utwhichhasneverthelessbeenemphasizedbyneoclassicalgrowthmodels.
15T hus, weareinterestedinstudyingself-enforcinginstitutions.
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Fafchamps(19 9 8)showshowstigmatizationofcheatersfacilitatesmarket
emergence. B reachofcontractmaytriggerpermanentexclusionfromtrade
ifitis interpretedasasignalofimpedingbankruptcy.

Thesestudiessuggestthatagentsmayevenbewillingtopaysomeout-
sideauthority, suchasacreditreferencebureau, forthenamesofcheaters.
Forexample, CarmichaelandM acL eod(19 9 7 ) showhowinanevolutionary
modelthesocialcustom ofgiftgiving, byimposingcostsatthebeginning
oftherelationship, is asignalofaplayer’shonestyandcanthereforelead
totrustandcooperation.

G reif(19 9 7 ) isaninterestingaccountofhowinter-communityexchange
wassupportedinpre-modernEuropethroughaninformalinformationtrans-
missionmechanism, theCommunity R esponsibility System. H owever, as
trade expanded, such informalmechanism was abolished and substituted
withlegalenforcementprovidedbytheState.

T hereseem tobelimits toinformalcontractenforcementmechanisms
basedonsocialnetworks. A s tradeexpands, theselimits becomeevident
andformallegalenforcementinstitutionsmustbecreated inordertosus-
taingainsfrommarkettrade. T heStateisusuallyinvolvedinsuchatransi-
tion, probablybecauseithasacomparativeadvantageatexploitingtraders’
willingnesstopayforprotectionandlawenforcement.

Considerhowspontaneous marketemergencecanbesustained in our
modelundertheintroductionofanewkindofplayer, theState. Suppose
theStatewishestomaximize…scalrevenues, andthatonlymarket-likeex-
changes can betaxed. T hen the Statehas incentives topromotemarket
tradeby, say, penalizingcheaters.16 A tthesametime, agentswilltradeat
themarketaslongastheextrae¢ciencygainscapturedfrommarkettrade
arelargerthanthecostpayedintaxes. A ndtheStatehasclearincentives
tomakethissoifitis interestedin…scalrevenues.

O fcourse, morecomplexformalinstitutionsarerequiredasmarkettrade
expands. O neexampleoftherelevanceofsuchinstitutionsisgivenbyN orth
and W eingast(19 8 9 ). T hey showhownewinstitutionalarrangements in
seventeenth-centuryEnglandledtoremarkableeconomicsuccessbyallowing
thegovernmenttocrediblycommittoupholdingpropertyrights.

6 Conclusion
T hispaperfocusedonhowmarketexchangespontaneouslyemerges inthe
presenceofcommitmentfailure. H owever, wedi¤erwithFafchamps(19 9 8)
intwomainaspects.

First, wedonotendowagentswiththecognitiveabilitiesnecessaryfor
rationality-demandingequilibrium conceptstomakesense. Instead, weas-

16O fcourse, this leads tonewkinds ofquestions, such as whocontrols the State in
avoidingcon…scatorymeasures, etc.
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sumeouragentsaremyopicandadoptanyofthreestrategies (reciprocity,
marketandcheaters) dependingontheirexpectedpayo¤s. A gents areas-
sumedtorevisetheirstrategiesonceinawhileandimitatethosewhichare
moresuccessful.

Second, reciprocaltradeistakentorepresentfamily-likeencounters. W e
modelmarketexchangebyassumingthatagentsengageinseveralinterper-
sonaltransactions. L earningfrom severalagents is akeyfeatureofsuch
interactionsandhasalreadybeenusedbyEsponda(19 9 8) inacompletely
di¤erentframeworktostudytheemergenceofamarketeconomy.

U nderthis framework, reciprocalexchangeconstitutes aresponsetoa
riskyenvironment. Ifagentscareenoughabouttheirfuture, thenstarting
along-lastingrelationship withapartnersavesthem thepotentialcostof
meetinganunknowncheaterinthemarket. Furthermore, ourdeterministic
dynamicsdonotallowustoexplainmarketemergence, nomatterhowlarge
gainsfromtrademightbe.

H owever, whenweexploremutationsweobtainastochasticdynamical
systemthatallowsformarketemergence. Ifthevaluethattradersattachto
learningintheformofinterpersonalcommercialtransactionsishighenough,
thentheriskofmarkettradingisworthtaking.

W henexploringthesustainabilityofmarkettradethroughtime, itis
evidentthatgainsfromtradecannotremainatsuchlargevaluesinde…nitely.
A ssoonastheydrop, ourmodelpredictsthedisappearanceofmarkettrade.
T hus, acycleconsistentwithhistoricalevidenceresults inwhichamarket
…rstemergesbutthencollapsesonlytoreappearlaterinafuturetime.

Consequently, wearguethatformalenforcementinstitutionsareapre-
requisite forthe consolidation and expansion ofamarketeconomy and
brie‡yregardsomeoftherelatedliterature. T hereareclearincentives for
athirdactor, theState, toprovidethelegalenforcementrequiredforsafe
contractualarrangements.

O urmodelis simpleenoughtobeanalyticallytractable. H owever, we
leavemanyinterestingissuesnotmodeled. A nexplorationintothe…eldof
ComputationalEconomicswouldallowformore‡exibilityinourmodeland
thereforeprovideuswithmanyinterestinginsightsontheprocessofmarket
emergenceandsustainability. A computerprogram representingavirtual
world…lledwitharti…cialagentswhoposseslimitedcognitiveabilitiesand
interactunderanuncertainenvironmentisleftforfuturework.17

A nin-depthexplorationintoEconomicH istorywouldprovidethedetails
necessarytoimplementsuchproject. T hereismuchtolearnfrom history,
andwemustnotoverlooksuchissueswhenbuildingtheoreticalmodels.

U nderstandingthe process bywhich amarketeconomy emerges and
expandsconstitutesa…rststep inanagendatostudytheperformanceand
functioningofmarket(andnon-market) institutionsthatpromoteeconomic

1 7 SeeTesfatsion(19 9 8) foranintroductiontotheliterature.
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well-being. N otonlyhasthewayindividualshavedecidedtoorganizetheir
exchanges(andtheirunderlyingmotivations) beencrucialforthehistorical
successandfailureofmoderneconomies, butitwillcontinuetobecrucial
inthefuture. T heinstitutionsthatarecreated inordertodealwithever
increasinglycomplexsocialinteractionswillultimatelydeterminethepath
offutureeconomicdevelopment.

7 A ppendix
ProofofProposition3.

A mixedsteadystateisthesolutionto

V C (pC )=V R (pC );

where

V C (pC ) =
1 ¡pC

1 ¡±

V R (pC ) =
1

1 ¡±pC

·
®

1 ¡±
¡pC (1 +

®
1 ¡±

)
¸
:

Solutionisgivenby

p¤Cm ixhigh =
2±¡® +

p
(® ¡2±)2 ¡4±(1 ¡®)

2±

and

p¤Cm ixlow =
2±¡® ¡

p
(® ¡2±)2 ¡4±(1 ¡®)

2±
:

T hesemixedsteadystatesarestableif

d
dpC

£
V C ¡V R ¤̄̄̄

p̄¤Cm ix

< 0 :

W ehave

dV C

dpC
=¡ 1

1 ¡±
< 0

and

dV R

dpC
=¡ (1 + ®)

(1 ¡±pC )2
< 0 :

T herefore, asteadystatep¤Cm ix is stableif

(1 ¡±pC )2 > (1 + ®)(1 ¡±):
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Proofof P̈roposition5. T he factthatthey are mixed steady states
comesfrom Proposition3. From Proposition3, stabilityrequiresthat

(1 ¡±pC )2 > (1 + ®)(1 ¡±):

R ewritingandreplacingwithpClow weget

2
1
2
£
¡
¡
2±¡2±2 ¡® 2 =2

¢¤1
2 (1 ¡±+ ®=2)> 2±¡2±2 ¡® 2 =2:

B ecauseweareassumingasteadystateexists, then¡
¡
2±¡2±2 ¡® 2 =2

¢
>

0 ;sothe L H S is positive, theR H S is negativeandthe inequality is
satis…ed. T herefore, pClow isastablesteadystate.
IfwereplacewithpChigh weget

¡212
£
¡

¡
2±¡2±2 ¡® 2 =2

¢¤1
2 (1 ¡±+ ®=2)> 2±¡2±2 ¡® 2 =2:

Simplifyingweobtain
µ
1 ¡±+

1
2
®
¶
<

·
¡1
2
¡
2±¡2±2 ¡® 2 =2

¢̧ 1=2

Takingsquarerootsandsimplifyingwe…nallyget

(1 ¡±)(1 + ®)< 0 ;

whichisnotpossibleandthereforepChigh isnotstable(i.e., equation6
isnotsatis…ed).

ProofofProposition9 .

B orderdynamics have already been analyzed in Section 2. T hus, it
remains tobeprovedthatthere is noequilibrium populationpro…lethat
belongstotheinteriorofthesimplexS (i.e., thereisnomixedequilibrium).
W eshowthatifsuchamixedsteadystateexists, thenitisnotstable. U sing
pC + pM + pR =1 ;wecanreducesystem(14)toasimultaneoustwo-equation
systemofdi¤erenceequations. O nepossibilityis

pCt+ 1 = pCt
V C
t

V A
t

pMt+ 1 = pMt
V M
t

V A
t

wherepRt =1 ¡pCt¡pMt . A mixedsteadystateischaracterized by

V C
t =V M

t =V A
t :
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T huswecansolvetheaboveequations forsteadystatevalues pCt and
pMt .

W e then proceed toanalyze localstabilityofthis mixed steadystate
bylinearizingoursystem aroundthesteadystate. O nepossibleapproach
is toconvertoursystem of…rst-ordersimultaneous equation intoalinear
second-orderdi¤erenceequation. N extwe…ndtherootsofthecharacteristic
equation. W eshowthatthereisatleastoneroot(eitherrealorcomplex)
whoseabsolutevalueisgreaterthanorequalto1, sooursteadystateisnot
stable.

W eomitsuchcumbersomecalculations andrelyinsteadoncomputer-
simulateddynamics.
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